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ABSTRACT

In this paper we use cyclic group Zsand its regular

representation to produce a couple of linear error-correcting
codes. We also discuss their duals.
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1. INTRODUCTION

Throughout this paper Fp , for some prime P, will denote the
Galois field GF(p)and F; will be the vector space
comprising of vectors X = (Xy,..., X, ) where X; € F_for
i=1..k. Let {0,,9,,0,}be an enumeration of the
elements of the cyclic group Zsof order 3with identity
element , =0, g, =1, g, =2and let R(Q,) denote
the regular representation of J; in Z3 using the enumeration

{0,,9,,0;}t0 index rows and columns of the
representation matrix. Then

1 0 0 0 1 0
R(g;)=/0 1 0| R(g,)=|0 0 1 |and
0 0 1 1 0 0
001
R(g;)=[1 0 0.
010

Foreach g, M=1,2,3 let W_.be the i" row of
R(g,,)and let R"(g,,) be the block matrix given by:
. W, —W
R (gm)=:{ " mz}-
Wing = W
Consider now the following two block matrices:

B :[R:(gz) R:(gs)}and
R*(95) R'(92)

R™(9,) R°(9s)
In B"12,31, the first row of blocks is [R"(g,) R"(g;)]and

R R”
. :{ (95) (gz)}

the second row is the cyclic shift of the first, whereas in B*[S,Z] ,

the first row of blocks is [R*(g;) R (g,)]and the second
row is the cyclic shift of the first. We now border each of B*[z,z]
and B [3,21 by a row and a column of [R*(g,) R"(9,)
R" (g, )] as follows to obtain:
M[2’3]

R™(9,) R"(9,) R*(9,)
= R*(gl) R*(gz) R*(gs)

R™(9,) R*(95) R7(9,)

1-10 1 -10 1 -10]
10 -11 0 -11 o -1
1-10 0 1 -1-10 1
110 -1-11 0 0 -11
1-10 -10 1 0 1 -1
10 -10 -11 -11 0
and
M [3,2]

R™(9,) R*(9,) R7(9,)
= R*(gl) R*(g3) R*(gz)
R™(9,) R'(9,) R7(95)
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1-10 1 -10 1 -10]

10 -11 0 -11 0 -1
1 -10 -10 1 0 1 -1
1170 -10 -11 -11 0

1-10 0 1 -1-10 1

10 -1-11 0 O

-1 1 |
Notice that swapping the 3™ row with the 5™ and the 4" row
with the 6" in M ;2. we obtain the M, 5;. Hence both
M [2,31@nd M (3,21 comprise of the same set of rows. We can
view each row of M, 5 or M, , as a row-vector of Fr?'

Thus the row-vectors of M [2.32nd I\/I[3 2 are identical as
set. Hence the linear codes generated i.e. spanned by the row-
vectors of M (2.3 OF M [3,2] OVer Fp are identical too.
Throughout the rest of the paper we will investigate this linear
code over pror various P's and for convenience, denote

M, 5 by M only.

2. M over pror
Various p's

We remove the 3™, 6" and 9" columns of M (2,3 to obtain

the following square matrix:

111 -11 -1
101 01 O

1 -10 1 -10
10 -11 0 -1}
1 -1-10 0 1
10 0 -1-11 |

. _ a3 , N
Since detQ =37, the inverse of Qexists in F where

p# 3. We use elementary row operations method to evaluate
thlel. The steps of the deduction are shown in the
Appendix, whereas here below we produce the result Q*1

only:

0 a 0 o
—-a —-—a o
—a O
a O 0 -a

-a O a -«

o -

Q=

o
R R R R R

-a « 0 -a a 0 |
The entry & in Qflabove is the inverse of 3 in Fp . Since
p # 3, theinverse of 3 in F exists. Consider now:

Q™M
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0 a0 a 0 «
- -ga —gd
_0 a o —a_aO
l—caaqg 0 0 —-al
0 0!—0(0 a —a
—aa0 -ag 0 |
1-10 1 -10 1 -10]
10 -11 0 -11 0 -1
1-10 0 1 -1-10 1
10 -1-11 0 0 -11
1-10 -10 1 0 1 -1
10 -10 -11 -11 0|
Ba 0 -3a 0 0 0 0 0 O
0 3a 3a 0 0 O O 0 O
0O 0 0 3a 0 -3a 0 0 O
0O 0 0 0 3a -3a 0 0 O
o 0 0O 0 O O0 3a 0 -3a
0 0 0O 0 O 0 0 3a -3a
1 0 -1000 00 O]
01 -1000 000
000 10 -1000
1000 01 -1000
000 000 1 0 -1
000 000 01 -1

Thus (1,0,—1,0,0,0,0,0,0) is a code-word of weight 2 of the
linear code generated by the row-vectors of M over I:p with

p # 3. Hence these codes do not have error-correction
capabilities.
It is thus appropriate that we would like to consider the linear

code generated by the row-vectors of M over Fp where p = 3.
Towards that goal, we gaussjord M over F3 to obtain:
102021210
012012012
000111222

which after appropriate permutation of columns becomes

100022121
G=(010202112]|.
001220211
Notice that each row of G above is a vector of F316 and the

subspace spanned by its 3 rows over F3 is a linear code and G

2
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is its generator matrix. We will denote this code by C(G) and
explore it throughout the rest of the paper. We will also explore
the dual code C (G)l . For an understanding of the linear code
at a basic level one may please consult [1] and [2].

3.Weight

Distribution of C(G)
We begin with a theorem.
Theorem (3.1) The code C(G)has the following weight
distribution.

Weight Number of Words
0 1
9 2
6 24

Moreover each code-word of C(G)but for 04,15and 2,
contains exactly three zeros, three ones and three twos.
Proof. Given o € F3, letxgdenote the  row-vector

(ay...,) with 9 co-ordinates each of whose co-ordinates is
« . Notice that forany ¢ € C(G),

C=WG =(a,B,7.2(B+7)2a+7y)2c+p),
a+p+2yr2a+pf+A,a+20+y)

for some W= (a,3,7) € Fy.Let a = =y. Then
c=(a,a,a,2-2a,2- 22,2 - 2a¢,4x,4x,4x)
=(a,...,a) = aly, giving 3 code-words: 04,15and 2.
Assume now that &, 5 and ¥ are all distinct. Without loss,
et =0. Then f=2y,y=28,+y=0and

therefore

c=(0,5,7,2-02y,28,0+ B +7+,0+0,

0+B+p+y)=

(0,8,7.,0,8,7,7,0, B) . Finally, let us suppose that 2 of
o, fand y are identical. Let without loss, & = £ and
y+Fa. Then

c=(a,a,y.2(ax+yp)2a+y),a2a+y),r.y).
Suppose 2(x+y) =«.Then a =y, a contradiction.
Hence 2(ax + y) # a.Similarly 2(ex + y) # y . Hence

a,y,2(c + y)are distinct elements of Fjand therefore
c=(a,a,y.2(a+y)2a+y)a2a+y)y.y)

contains three zeros, three ones and three twos. m

Corollary (3.2) C(G) can correct 2 errors.

Proof. Since 2 is the largest integer less than half of minimum
weight 6 of the code, C(G) can correct 2 errors. m

Next we show that this code C(G)is in fact an 2 — error-
correcting extended [9,3,6] BCH code.

Let f(X)=x®—1e F,[X] and we choose the primitive
p(@ =a*+a+2 inFJa]. Then
F;[al/(p(a))is a finite field of order 9 and

polynomial
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a,az,...,ag constitute all the non-zero elements in
F;[al/(p(a)). Let Cbe the code that results from

considering the first four powers ofd, namely a, az,a3 and

a*. To determine the generator polynomial g(X)for C, we
must find the minimum polynomials
m, (x),m, (X),---,m, (X)for ~a,a’,...,a" respectively.
Since

X8 —1=(X+D(Xx+2)(x* +1)(X* + X+ 2)(X* + 2x + 2)

we have m, (X) =m,(X) = X* +X+2,

m,(x) = x> +1and M, (X) = X +1 Thus

gxX) = (x> + X+ 2)(X* +)(X+1) =2+ x> + x> + 2x* + x°

. Hence C =< g(X) >and generator matrix J of C is given
by:
20112100

J={02011210
00201121

201121002
ThendJ®™ ={0 2011 21 0 2|.
002011212
We gaussjord J * to get
100201122
010221201
001022121

which after appropriate permutation of columns becomes G .
Thus we have the following theorem.

Theorem (3.3) C(G)is the double error-correcting extended
[9,3,6] BCH code generated by
g(x) =2+ x>+ x> +2x* +x°.

4 Weight Distribution of the Dual Code C(G)*
Since G = [l3 : M ] where

022121

M=|202112|,
220211

we have H =[M " : 21 ] for the parity check matrix H of

C(G).

Hence
[022200000]
202020000

H - 220002000
112000200
211000020
1121 000002]
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Notice that each row of H above is a vector of Fs9 and the
subspace spanned by its6 rows over F3 is a linear code
C(H) and His its generator matrix. AsGH" =0,
C(H)=C(G)". we will find weight distribution of

C(H) from the weight distribution of C(G). Below we

state a theorem [3] due to Mac Williams that will help us to
find the weight distribution of the other code-words.

Theorem (4.1) (Mac Williams) Let C be an [N, K] code over
GF (q) with A, the number of vectors of weight i in C and

B, , the number of vectors of weight 1 in C™ . The following

relations relate the {A }and {B, }:

Zn:(n B JjAj = qk_uzn:(n B J_ij , where

i—0\V |

Lt C=C(H). ThenC"=C(H)" =C(G) and
By, =1, B, =24,and By =2 by Theorem (3.1). Now

taking U = 8 in Mac Williams equation, we obtain:
9 (09— j 9 (9_j
io\8 io\8—]

S [N

or 9A, + A, :%(980 +3B,)

or9-1+ A = %(9-14—3-24)
A =0

Inserting U = 7 again in Mac Williams equation,
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O G sl
@u A= %m“ 24@

A =0.

Similarly inserting 0 = 6,5,4,3,2 and1 in the Mac Williams
equation, we obtain:

A, =24, A, =108, A, =108, A, =192,

A, =216,A;, =54.

Thus we have the following theorem.

Theorem (4.2) The dual codeC(G)" = C(H)has the

following weight distribution.

Weight Number of Words
0 1
3 24
4 108
5 108
6 192
7 216
8 94
9 26
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